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TEST OF THE INVERSE MONTE CARL0 METHOD 
FOR THE CALCULATION OF INTERATOMIC 
POTENTIAL ENERGIES IN ATOMIC LIQUIDS 

M. OSTHEIMER and H. BERTAGNOLLI 

Institut ,fur Physikalische Chemie der Universitat Wiirzburg Murkusstr. 9-1 I ,  
0-8700 Wiirzburg, FRG. 

(Received June, 1988, in revised form September, 1988) 

The principle purpose of this paper is to demonstrate the use of the Inverse Monte Carlo technique for 
calculating pair interaction energies in monoatomic liquids from a given equilibrium property. This method 
is based on the mathematical relation between transition probability and pair potential given by the 
fundamental equation of the “importance sampling” Monte Carlo method. In order to have well defined 
conditions for the test of the Inverse Monte Carlo method a Metropolis Monte Carlo simulation of a 
Lennard Jones liquid is carried out to give the equilibrium pair correlation function determined by the 
assumed potential. Because an equilibrium configuration is prerequisite for an Inverse Monte Carlo 
simulation a model system is generated reproducing the pair correlation function, which has been cal- 
culated by the Metropolis Monte Carlo simulation and therefore representing the system in thermal 
equilibrium. This configuration is used to simulate virtual atom displacements. The resulting changes in 
atom distribution for each single simulation step are inserted in a set of non-linear equations defining the 
transition probability for the virtual change of configuration. The solution of the set of equations for pair 
interaction energies yields the Lennard Jones potential by which the equilibrium configuration has been 
determined. 

KEY WORDS: Monte Carlo simulation, Inverse Monte Carlo simulation, structure of liquids. interatom- 
ic potential 

1 .  INTRODUCTION 

In order to interpret the properties of liquids entirely by theoretical considerations it 
is necessary to relate an intermolecular potential to the microscopic structure. There 
are computer simulations as well as various theoretical approaches based on statistical 
mechanical theories [I]. The simulation methods of importance, Monte Carlo [2] and 
Molecular Dynamics [3], start from a given intermolecular potential and generate a 
sequence of particle configurations, from which the properties of liquids are deduced 
by averaging the corresponding molecular property over a set of configurations. 

In this paper we will follow the inverse route. Starting from a given equilibrium 
configuration of an atomic liquid we will compute the interatomic interaction ener- 
gies. This method, called Inverse Monte Carlo method (IMC), was introduced by 
Gerold and Kern [4] who used a computer generated model crystal of a binary solid 
solution of composition A,B to simulate pair exchanges. For each virtual exchange 
the resulting change in the number of A-A pairs in various coordination spheres was 
calculated and registered. From these data the pair interaction energies were com- 
puted. However, due to the limited number of coordination shells and the fixed atoms 
positions the interaction potential energy could only be evaluated at four to eight 
interatomic distances. We have extended this method to atomic liquids and deter- 
mined interaction potentials over the total range of interatomic distances of interest. 
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228 M .  OSTHEIMER AND H. BEKI'AGliOLLI 

The advantage of the Inverse Monte Carlo method is evident, as i t  permits the 
computation of potentials directly from a given equilibrium configuration. This could 
be obtained even from an experimentally determined atom pair correlation function 
by fitting a model system. The current development shows, that the structure of 
molecular fluids can only be described by potentials taking into account the total 
variety of possible interactions. Due to the complexity of potentials the computational 
etTorts to point out the essential terms and the rclated parameters are enormous by 
Molecular Dynamical and Monte Carlo methods. By inverse Monte Carlo simulation 
pair potential energies including all kinds of intcractions (e.g. steric. electrostatic) 
determining the given structure can be calculated without any further theoretical 
ass u nip t io ns . 

2 THE INVFRSF MONTF CARLO METHOD 

The configuration of a given system of !V particles is described by a set of position 
vectors :(< )ik = .Yk. According t o  "importancc sampling" - Monte Carlo method [S] 
the transition probability pk from one configuration Xh to another configuration ,Yk+ ,  
only depends on the change of energ>' 

A u), = i'.k - 1 'L ( 1 )  

according to 

where .r is ,ome ar-bitrary chosen factor, and usually is taken r = 1 .  
Assuming that the interaction between the particles can be approximated by 

discrete values V(r ! )  being constant within the distances r ,  arid r l .  , , the total changc 
i n  energy A i ' k  caused by the k-th simulation step by varying the coordinates o f  un  
alom rundonily b!. ii inaxinium amount I ' ~ , , , ,  is given b?: 

where AH),(/ . ,)  is the change of the number of distances in the interval r !  A? in the 
niodel system. Thc toial change of particle number A N ( r , )  for one distance interval 
is obtained by surnination over k,,,,, individual changes multiplied by the transition 
probability pa .  

hm.ix 

,AN(r , )  = 2 pi - A/lk(y;) for / == 1 ,,,, p. to I ,,,' i ,  (4 )  
4 = I  

I f  the system is in the thermal equilibrium. thc total change o f  neighbouring particles 
in each shell has to be constant for a sufficient large number k,,,,, of simulation steps, 
i.e. the sum over all simulation steps has to be zero. 

A.V(r,) 2 0 for I = I,,,, to I,,,, (51 
The Inverse Monte Carlo method is based on validity of this equation. Starting from 
an equilibrium configuration a sequence of v,,,,, virtual configurations is generated by 
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TEST OF THE INVERSE MONTE CARLO METHOD 229 

successive random displacements of a periodically or randomly selected particle. The 
virtual changes An,(r l )  of the neighbouring atoms in each shell around the selected 
particle were determined. After a sufficient number of displacements the total sum of 
changes A N ( r / )  according to equation (5) for each configuration shell is assumed to 
be zero. 

The displacements must be virtually to keep the model system in thermal equili- 
brium. Satisfying the detailed balance conditions, c.f. equation ( 2 ) ,  the transition 
probability is given by: 

Inserting expression (6) in equation ( 5 )  we obtain 
bmdx 

\ - - I  I. i=/min 
Atz,(r l )  exp [ - L’(r/) A n % ( r / )  ] i k B T ]  = 0 for I = I,,,, to lm,,(7) 

The changes of the coordination number easily can be determined by virtual displace- 
ments. As equation ( 7 )  is fulfilled for each coordination shell, we obtain a system of 
equations, from which the values of inicraction energy V(r!) can be calculated. 

3. TEST OF THE INVERSE MONTE CARLO METHOD 

3.1. Monte Carlo Simulation of Liquid Argon 

In order to test the IMC method we have performed a Monte Carlo (MC) simulation 
of liquid Argon. Following the simulation of McDonald and Singer 161 we assume a 
Lennard Jones (l2,6) interaction potential with the parameter values 5 = 3.405 A 
and E l k  = 119.8 K and a temperature of T = 108 K. The system consists of 108 
particles located in a cubic box of edge length 17.25 A. This value corresponds to an 
average number density of 0.021 1 A ’. Periodic boundary conditions are used. To 
speed up convergence rates the maximum values of displacements are chosen energy 
scaled [7]. The simulation is checked by comparing the energy and the atom pair 
correlation function with the results of Singer [6] and Wood [8], which have been 
reproduced. 

3.2. Generotion of un Equilibrium Configuration bj, the Construction of’ u Model 
S?.stenz 

The IMC method requires an equilibrium configuration to guarantee the correct 
application of equation (7). A MC simulation yields only equilibrium properties. but 
no single equilibrium configuration. Therefore a model system is constructed re- 
producing the equilibrium properties, which has been calculated by a MC simulation, 
and thereforc representing the system in thermal equilibrium. As the microscopic 
structure of a liquid is characterized essentially by the atom pair correlation function. 
we used this function to generate the equilibrium configuration of the model system. 

This technique has been used to interpret the structure and properties of amor- 
phous solids [9-1 I]  and it is based on the following principle. A macroscopic property 
of a model system containing N atoms, the positions of which characterize the 
configuration of the system, is calculated. The coordinates of a randomly or periodic- 
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ally selected particle are changed randomly, the resulting macroscopic property i s  
computed and compared directly with the given quantity. If the displacement leads to 
a better agreement, the new position is accepted. This procedure is repeated until no 
further improvement can be achieved. 

In our concrete case 1000 particles are located randomly in a sphere excluding 
shorter interatomic distances than 3.0A = 0.88 ria with a radius r determined from 
the required density. This choice of the number of particles is a compromise between 
a good statistic of distances and a tolerable computer time. Boundary problems are 
avoided by constructing a shell with thickness r,,,dx around the sphere, where rlna, is the 
maximum distance. up to that the interatomic separations are computed. Each 
particle of the inner sphere is taken as origin for calculation of the pair correlation 
function. The initial positions in the sphere are selected randomly and the correspond- 
ing atom pair correlation function is computed. Starting from this configuration a 
periodically selected particle is displaced randomly by 0.5 A = 0.15 r/a at maximum 
and the effect of this displacement on the atom pair correlation function is computed. 
I f  the position change improves the agreement with the atom pair correlation function 
of the M C  simulation, the new position is accepted. otherwise rejected. This 
procedure is continued until the sum of least square errors, the criterion for accep- 
tance. of the atom pair correlation function of the model system and of the MC 
simulation described in chapter 3.1 is less than 0.2%. As several simulations showed. 
the result is independent from the chosen starting configuration. As figure 1 shows, 
the computed atom pair correlation function does not exhibit any statistical noise 
despite of the fact, that no Gaussian broadening of individual distances or dampening 
function [ I  1,121 is applied. This means, the number of atoms is sufficiently large to 
represent an equilibrium configuration exactly. The agreement betwcen atom pair 
correlation functions is excellent. 

3.3. T h  I n w r w  Monte Curlo Siniiilcriion 

As already explained in chapter 2, the principle of this method is based on the 
determination of the resulting change of number of atom pairs within a discrete range 
of distances after a virtual displacement of an arbitrarily selected particle, which was 
chosen as origin of the corresponding pair distribution. 

In principle following steps must be performed: 

i )  An atom is selected arbitrarily and i t s  coordinates are changed virtually by an 
amount x, - S. i F, * S,  _+ z,, * S, where S is the maximum displacement and 
r,. JB, and zJ are independent random numbers between zero and one. 
For each distance interval r,  the net change of the number of atom pairs is 
calculated and stored separately. 
After a sufficient number of virtual displacements the determined changes Anv(r,) 
of the number of atom pairs are inserted in the system of equations (7) ,  the 
solution o f  which gives the interaction potential in the distance range of  con- 
sideration. 

In dct:~;: ;;>!lowing rocedure is applied, For Argon the interval of distances was 
chosen between 2.5 1 and 8.0 A corresponding to 0.73 r j a  and 2.0 rja with a stepsize 
of 0.1 A. The value of the maximum displacement depends on the considered range 
in distance and the stepsize. Two restrictions exist. If the maximum displacement is 

i i )  

i i i )  
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Figure 1 Atom pair correlation function obtained from a Monte Carlo simulation of liquid Argon at  
T = 108 K (solid line). This function was used to construct a configuration of a model system by ab initio 
Monte Carlo method. The pair correlation function of the model system is symbolized by 0. 

short (ca 0.5 A % 0.15 rirr), the alteration of too many changes is within the stepsize 
and therefore only few changes are registered. If the maximum displacement is large 
(ca 2.0 A x 0.6 r/o), too many changes are out of range of consideration. Therefore 
the best value is 0.3 - 0.5r/a (1 - 1.7A). 

Equation 7 postulates that the sum over all changes of the number of atom pairs 
in each interval of atomic separation has to be zero. For this purpose a large number 
v,,, of virtual displacements must be performed. To evaluate the minimum value for 
the number of simulation steps we performed several simulations. In the first test, 
where we have set urn,, = 40.000, we have obtained an ill conditioned system of 
equations indicating the number of displacements being too small. The simulation run 
over 40.000 simulation steps yields not a smooth function for V(r,)  and shows even 
a repulsive potential part for the distance interval [5.5 A, 6.5 A]. A number of at least 
60.000 steps is sufficient to solve the system of equations without any irregularities. 
Under these conditions the solutions are independent of a further increase of vmaX as 
a second simulation with vmax = 80.000 showed. The energy values are calculated by 
use of the IMSL-Subroutine ZSCNT, where a system of non-linear equations is solved 
iteratively [13]. The final solution is independent of the values that are chosen for V(r,)  
at the beginning of each iteration. The system of equations is solved by a separate 
program. 

The resulting interaction energy values are represented in figure 2 together with the 
Lennard Jones potential used in the Monte Carlo simulation. The minimum of the 
calculated potential function exhibits a correct position and solely a deviation of ca 
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Eipure 2 Coinparisoil i i l  rhc Lennard Jones potential used in tlic Montc Carlo simulation (solid line) w i t h  
Ihc ctiri-rspoiiding functions dcteriiiincd hy the Inverse Monte Car1r.r simulations 0 symbolizes the 
wli i t ion~ 0 1  t l i r  hystem o f  equation? after 60.000 virtual sirnulation ctepa and A A A  after 80.000 stcpq 

i O + O  i v i t h  respect to the Letinard Jones parameter c. I n  the Monte Carlo siniula[ion 
atomic distances less than 3,0 A ha\,e been completely excluded. Aa a consequence o f  
this restriction the repulsive part of thc filnction can not be rcproduced at s r n a l l  
distances. ,4cldition;tllj. the contribution o f  very short atomic separations is distri- 
buted over a range larger than the distance limit such leading to a broadening of the 
t'unction. Furthermore the computed function shows spurious oscillations. The posi- 
tions of thc ex[rcina coincide with these ones of the pair correlation function. May be 
the number of particles for the model system was too small or the function does nc!t 
rellect only the singlc atom pair interaction. but also reniaining contributions of many 
body interactions. 

4. ('ONCLUSIONS 

A \  o u r  test ilemonstrates, the Inverse Monte  Carlo method can be successfully applied 
lo determine interaction potential energies of atomic liquids. However. an eyuilibriuni 
contiguration i s  required. For this test we have used an atom pair correlation function 
generated b\ i t  Monte Carlo simulation in order t o  fit the conliguration of the model 
\>stein. Of course this function can he rcplaced by experinlentally determined atom 
pair correlation functions provided by X-ray o r  neutron diffraction experiments. The 
iihc of  the Monte Car!o method for the generation of ii tnodel system in thermal 
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equilibrium is not restricted to atomic liquid and can be easily extended to molecular 
liquids. In the case of molecular liquids the ambiguity, whether the actual configura- 
tion represents an equilibrium state or not, is drastically reduced by the possibility to 
use several independent diffraction experiments on identical liquid for the simul- 
taneous fit of the configuration of the model system. 

As the IMC simulation yields the interatomic interaction energies without any 
assumptions, the method permits the direct determination of the shape of potential 
functions, which would allow to fit analytical potential functions. This is very impor- 
tant for the study of such molecular liquids. for which the type and shape of 
interatomic interaction are unknown. 

An additional advantage for the study of molecular liquids is that the interatomic 
potentials determined by use of IMC method implicitly contain the intermolecular 
geometry. Summarizing our results the IMC method offers interesting possibilities for 
a direct determination of interatomic potentials and therefore it can provide new 
information about the nature of interactions between molecules. 
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